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ABSTRACT 

A collective field formalism for nonrelativistic fermions in (1+1) 
dimensions is presented. The quantum mechanical fermionic problem 
is bosonized and converted to a second quantized Schrodinger field the- 
ory. A formulation in terms of current and density variables gives rise 
to the collective field representation. Applications to the D — 1 hermi- 
tian matrix model and the system of one- dimensional fermions in the 
presence of a weak electromagnetic field are discussed. 



1. Introduction 

The main motivation for studying one-dimensional nonrelativistic fermions came 
from the recent revival of interest in the matrix models in the framework of string 
theory. In particular the singlet sector of the one-dimensional N x N hermitian 
matrix model, which provides the triangulation for the D = 1 string theory [1,9-14], 
is equivalent to a system of N nonrelativistic fermions in an external potential [2]. 

In this talk we shall present a review of the collective field approach to a quantum 
mechanical system of one-dimensional nonrelativistic fermions, in terms of which a 
bosonic field theoretic description is derived. 

Beyond the string theory context there is a variety of condensed matter systems 
which are approximately described by low dimensional nonrelativistic fermions to 
which our formalism is also applicable. 

After presenting the collective field formalism, we shall discuss its application to 
the D = 1 hermitian matrix model and the system of one-dimensional fermions in the 
presence of a weak electromagnetic field. Nontrivial soliton solutions of the collective 
theory in the absence of an external potential are discussed. 

This talk is based on work done in collaboration with Bunji Sakita [3,4,5]. 
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2. Bosonization of Fermions 

We start with a system of N nonrelativistic fermions of mass m described by the 
Hamiltonian 

1 N 

a=l a a ^b 

where A is a gauge potential, V is a common potential and v describes a two-body 
interaction. The Schrodinger equation is given by 

H $(x 1 ,x 2 , - ■ • ,%n) = E ^(x 1 ,x 2 , • • • ,x N ) (2) 

where ^f(xi, x 2 , • • • , xn) is a totally antisymmetric wave function. 

The bosonization of the fermions is achieved by a singular gauge transformation 

[3] 

*( X1 ,X 2 ,--',X N ) = e *»(*i.**.-.*") $(x U X2,---,X N ) (3) 

where O should be such that under an interchange of a pair of variables: 

e iQ(xi,x 2 ,---,x N ) Xa ^ x b _ e iQ(xi,X2,--,x N ) ^ 

Then $ is a totally symmetric wave function. A realization of © is given by 

Q(x\,X2, • • • ,xn) = ^2 I m l n ( x a - Xb — ie) (5) 

a>b 

Since (3) is a (singular) gauge transformation, the Hamiltonian for $ is obtained 
from (1) by adding the following (singular) gauge term to A(x a ) 

a(x a ) = -ir(^25(x a - x b ) - J^<5(:r a - x b )) (6) 
b>a b<a 



The bosonic Hamiltonian is now given by [3] 

N 

2m 

'2 



a=l a a ^b 



H [Y] S(x a - x b ) 5(x a - x c ) + y^6 2 (x a - x h )\ (7) 

a>b>c a>b 



The bosonization procedure gave rise to a three-body and a singular two-body 
interaction. 
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3. Quantized Schrodinger Bose Field Formalism 

It is useful to express this many body system by using the second quantized 
formalism. As usual we introduce a quantum field operator if)(x) and its conjugate 

tp^(x) , which satisfy the Bose commutation relation at equal times 

[ip(x), ift(y)\ = 5(x - y) 

ty{x), if>(y)] = [if>Hx), ^(y)] = (8) 
We construct a symmetric basis vector 

\xi,X2,-",XN > = yfiyfi ^M^M ■ ■ ■ *PH x n)\0 > (9) 

Since 



InMwwm-. > - E.K,i»,,-.., > 

/.w,„.„„.,,.-,,„» «*,.;'..„>= 

^ V(x a ,X b ,X c )\xi,X2, - ■ ■ ,%N > (10) 

we find that the second quantized expression of eq.(7) is given by 

/l ^ 
dx[— {D^(x))\DMx)) + ^(xU(x)V(x) + ^—(^ (x)tp(x)) 3 
2m 6m 

5 2 (0)ip^ (x)ip(x)} + / dxdyip^ (x)ip^ (y)ip(y)il)(x)v(x — y) (11) 

om J 

where D is a covariant derivative D = — % A(x). 

An analogous procedure of bosonization and second quantization can be applied 
to a (2+1) dimensional system of nonrelativistic fermions. In this case one obtains a 
Hamiltonian for the bosonic field ip with an additional coupling to a Chern-Simons 
gauge field [3]. 
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4. Collective Field Formalism 

The Hamiltonian H in eq.(ll) can be written as a functional of the charge density 
p(x) = ip^(x)ip(x) and the current density j(x) = iip^ (x)dip(x) 

/l 1 - 

dx[—(dp(x)+ij(x) +ip(x)A(x)) ^y(~^'( ;r ) - wi^M^) + p{x)V(x) 

7T 2 7T 2 /" 

+ 6m^^ ~ fe* 2 ^^^ + / dxd v{p( x )p(v) - s ( x - y)p( x )) v ( x - y) ( 12 ) 

The idea of using the density of currents to describe the Schrodinger wave field theory 
is due to Dashen and Sharp [6]. Our definition of the current density is slightly 
different from theirs for later convenience, see eq.(19). The Schrodinger equation is 
given by 

H |$ > = E |$ > (13) 

where |$ > is an N particle Bose state expressed in terms of a symmetric wave 
function $(x\, X2, • • • , xjy) as 



1$ 



> = J " ' J dx\dx2 ■ ■ ■ d,XN $ (xi,X2,---,xn) \xi,X2, - • • ,Xn > (14) 



where \x\,X2, • • • , x^ > is the basis vector defined by eq. (9). Since $ is a symmetric 
function, we may regard it as a functional of the density variable, namely 

$(X1,X 2 ,---,X N ) = $ [ p }\ p{x) = J2J( X - Xa ) (15) 

Thus, 



|$ > = J ' " J dx\dx2 ■ ■ ■ dxN $[p] \Xl,X2, • • • , xn > 

= *0(^(/^w>> ( 16 ) 

where we used 

p(x) \X\,X2,-",X N > = ^5(x - X a ) \X\,X2,---,X N > (17) 



Next we use the following commutation relations of charge and current density 
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in order to obtain the collective field representation of the Schrodinger equation: 

ti(x),p(y)] = ip(x)d x 6(x - y) , [ p(x), p(y)} = (18) 

Since 

Kx)j^{ J dx^(x)) N \0 > = (19) 

we obtain 

j(x)\$> = [j{x), $[p]] 1 2 ( J dx^(x)) N \0 > 

= ( lKx)dx jh m) I^ { I ^ t ^) iV |° > (20) 
Therefore the collective field representation of the Schrodinger equation is given by 

H[ipd x ^ p] = E$[p] (21) 

This is not however the final form of the Schrodinger equation. The transition to the 
density variables p(x) introduces a nontrivial Jacobian factor. The inner product of 
the states in the functional space of p(x) is 

< $' | $ >= J Vp J[p]$'*[p]$[ p] (22) 

where J[p] is given by [3] 

J\p]= / " / dx\dx2 ■ ■ -dx N W_5{p{x) - ^5(x - x a )) (23) 

•J J x a 

The Jacobian J can be calculated order by order in 1/N expansion [3,4,7]. We find 
that 



J[p] = S(J dxp(x) - N)j[p] 



where 



j[p] =exp - j dxp(x)lnp(x) - J dxlnp(x) - J -^y + 0(N~ 2 ) (24) 
In the functional space of p(x) with measure Vp{x) = Y\ x dp(x) 5(f dxp(x) — N), the 



■5 



wavefunction is defined through the similarity transformation 

?i 2 m = n P ] (25) 

and the corresponding Hamiltonian is given by 

J 1/2 H[ -ipd±p] r 1/2 = H[pdn - \dp + 6(0)*^ - 5\0)^ 2 +..., P ] (26) 

where tt(x) = -ijfa. 

The second quantized form of the Hamiltonian can now be expressed in terms of 
the canonical fields p(x) and ir(x) as 

-/-[^)K) + ^-^ + ----^)) 2 



i (d P (x)f , ^ , 



+ s^-^r + <s/ (I) + v(x)p{x) + ^ (0) - ^ (mx) 

+ dxdyp(x)p(y)v(x,y) - Nv(0) (27) 



where the density constraint f dxp(x) = N was used. This expression for the Hamil- 
tonian agrees, up to the subleading in iV singular terms introduced in the calculation 
of the Jacobian, eq.(24), with the expression derived by applying the collective field 
approach of [8] on the bosonized version of the many-body Hamiltonian (7). 

Equation (27) provides now a bosonic field Hamiltonian amenable to a semiclas- 
sical treatment. 



5. Applications 

5.1. D = 1 Matrix Model 

The relation between one-dimensional nonrelativistic fermions and the D = 1 
hermitian matrix model has been established in the classic paper of Brezin, Itzykson, 
Parisi and Zuber [2] whose analysis we briefly outline. 

The dynamics of the D — 1 hermitian matrix model is determined by the La- 
grangian 

L = tr[-M 2 -V{M)] (28) 

where M is an iV x N hermitian matrix and V(M) is a polynomial in M. In particular 
we consider functions V(x) which scale with iV like V(x) = NV(x/VN). One quan- 
tizes the system in "cartesian coordinates" defined by Mj = tr(Mti), i — 1, • • • , iV 2 , 
where t{ is a hermitian basis of the fundamental representation of U (N) Lie algebra. 
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The Lagrangian (28) is invariant under a time independent U (N) transformation 
hence it is natural to consider an analogue of the polar coordinate basis 

M = Uxtf, X ab = x a 5 ab (29) 
The integration measure is given by 

Y[ dMi = A 2 (x) (J[ dx a ^ dU (30) 

i a 

where A(x) = ria^O^ ~~ x b) * s the Vandermond determinant. We shall restrict our 
attention to the singlet sector; the wave function Q is a symmetric function of the 
eigenvalues x a , a = 1,...,N. The Jacobian factor A 2 (x), eq.(30), which appears in 
changing variables from the "cartesian coordinates" to the "polar coordinates" can 
be absorbed by appropriately redefining the wavefunction and the Hamiltonian. This 
is done by redefining an antisymmetric wavefunction 

• • • , x N ) = A(x)Q(xi, ■■■ , x N ) (31) 

The corresponding Schrodinger equation is 

1 d 2 



Therefore the singlet sector of the original matrix model can be equivalently described 
by a set of N decoupled nonrelativistic fermions in the external potential V(x a ) [2] . 

According to the collective field formalism developed earlier the field theoretic 
Hamiltonian appropriate for describing the singlet sector of the N hermitian D = 1 
matrix model is given by 

H = ( dx\-dix{x) P {x)dn{x) + l ^pj^) 2 + Z^ p 3 (x) + V {x)p{x) 
J L2 8 p(x) 6 

+ V(0) - n -5\0)p(x) + ft^), - 5 2 (0) {MX))2 



4 w 6 v " y ' 8 L v " p{x) 1 v ' 32p 3 (x) 
where e is a Lagrange multiplier for the density constraint. 
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Of particular interest is the double scaling limit of the D = 1 hermitian matrix 
model. This provides a definition of two-dimensional gravity coupled to a scalar field 
[1]. In the fermionic description the double scaling limit of the theory is taken by 
keeping the difference between the value of the potential at the local maximum and 
the fermi energy fixed as N — > oo, V(xq) — ep — > p [9], [10]. Expanding the potential 
V around the local maximum xq and then taking the large N limit, one concludes that 
the double scaling limit of the D — 1 hermitian matrix model is equivalent to a system 
of fermions in an inverted harmonic oscillator potential [11], [12]. According to the 
previous discussion the corresponding bosonized Schrodinger wave field Hamiltonian 
for this system is (up to a constant) 

H = I dx \\d^dil) + + (/i - ( 34 ) 

J 12 o z 

The corresponding collective field representation of the Hamiltonian is given by 
H = J dx[\dn{x)p{x)dn{x) + \^^~ + yP 3 (*) + ~ y M*) + ■ • •] (35) 

where • • • contains the singular terms (see eq. 33). We notice that the second term 
in (35), whose origin lies on the term J plnp of the Jacobian (24), is absent from the 
collective field Hamiltonian of [8] used by Das and Jevicki [13] for the discussion of 
the double scaling limit. 

Given the Hamiltonians (34), (35) one can apply a semiclassical analysis. Of 
particular interest are nontrivial classical solutions and their interpretation in the 
D — 1 string theory framework. 

The classical equations of motion corresponding to eq.(35) are 



—d(pdTi) 



2 



(dp) 2 d 2 p 



P 2 P 



7T o X 



2 



(3^+ 2-fl + p ' + fl - (36) 
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The equivalence of this set of equations of motion and the one derived from (34) is 
straightforward given that the classical Schrodinger wave field and the collective field 
are related to each other by 

4>(x) =p 1 l\x)e i < x ) (37) 



The presence of the inverted harmonic oscillator potential complicates the search 
for explicit analytic solutions of (36). It was shown though in [16] that the harmonic 



* Classical solutions of the cubic collective theory (without the {dp) 2 / p) have been studied in 
refs. [14-16]. 
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oscillator potential can be induced through a reparametrization. It is interesting then 
to study solutions of eq.(36) without the harmonic oscillator potential term [5,17]. In 
this case we find a nontrivial static solution of the form 



P ^ P ° 1 a- 1 e 2ir P° x + 24p + 36 pjjcce-^J ^ 

where po = ^ . Because of translation invariance there is a free parameter a, which 
controls the position of the minimum of the configuration. The derivative term 
(dp) 2 1 p is very crucial for the existence of such a solution. 

After some straightforward algebra we find that the energy of this static soliton 
configuration is 

E = H[p] - H[ P0 ] = ^^_L_) (39) 
The time- dependent solution corresponding to the moving soliton is of the form 



[5] 



p(x,t) - po - - 3ir2v 2j c - la - le -2VZ{x+vt) + 247r 2 po + 3Gcae 2 ^~< x + vt ) 



where c = tc 2 Pq — v 2 and |i>| < vt 2 Pq. The corresponding energy is 



./q \ p 2 F + 3v 2 
E = H[p] - H[p ] = (p 2 F - v 2 )^log V -. (41) 



2vr 



2p F -^3(p 2 F -v 2 ) 



These soliton solutions, although different from the ones discussed by Jevicki in 
ref.[16], display similar features. 



5.2. One-Dimensional Fermions in External Electromagnetic Field 

We start with a system of iV nonrelativistic fermions in the presence of a weak 
electromagnetic field. The second quantized Hamiltonian for this system in terms of 
a fermionic field is given by 

H= [ dx[^-(D4>(x))^ D4>(x) + A Q (x)ip^ (x)ip(x)] (42) 
where D is the covariant derivative D = — iA(x). 
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It is known that excitations near the Fermi surface admit a relativistic field 
theoretic description [18]. The corresponding relativistic Lagrangian is given by 



L = ^(id ll -A ll )^ 



(43) 



where * = ($«), ^ = (A ,^), ^ = (t,£), Y = (n,-^ 2 ), T 

g^ v = diag(l, —1) and e 01 = 1. ip^, ipR are the left and right moving components of 
the nonrelativistic fermion field near the Fermi surface, vp is the Fermi velocity and 
r's are the Pauli matrices. Equation (43) describes the fermion part of the Schwinger 
model Lagrangian. In particular this model exhibits a chiral anomaly expressed by 



2lTVp 



[IV 



(44) 



where jjj = ^7^75^/ and ^ = tyj^ [19]. 

We are now going to redescribe the original system in terms of our collective 
field formalism. We want to find out how the Lagrangian for the Schwinger model, 
eq.(43), and the corresponding chiral anomaly, eq.(44), manifest themselves in the 
collective field representation. The collective Hamiltonian is 



H 



I 



dx 



-p(x)(d«(x)-A(x)) + ^^T 



+ A Q (x)p(x) 



it 



N) + 



(45) 



We shall now employ a semiclassical treatment by expanding around the time 
independent classical solutions p{x) = po(x) + 5p(x) where po(x) satisfies 



1 t ( dp (x) .2 



d 2 p (x) 



p {x) ' p (x) 
po(x)dx = N 



7T 



+ yPofa) - em = 



(46) 



N 



PF 
7T 



The most obvious solution is the constant solution Po — 77 

The Hamiltonian for the excitations Sp is up to a constant (assuming that the 
external electromagnetic field is weak and the fields are slowly varying) 

/2 
dx \^dn(x)dn(x) - ^-drr(x)A(x) + A (x)8p(x) + pl(8 p(x)f] (47) 
2m m 2m 

where 5p, n are conjugate field variables with a subsidiary condition f 5p(x)dx = 0. 
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This Hamiltonian can be derived from a local Lagrangian of the form 



C = ^-dfXdPx - tt^=^ A ^X (48) 

where Sp = \\J~-^dx- The relativistic notation we used has been indicated earlier. 

The above Lagrangian is essentially the bosonized form of its fermionic counterpart 
in eq.(43) [20]. 

The anomaly equation (44) is now expressed in terms of the equation of motion 
for the field x- We can define the vector current j M as 



Then using the equations of motion for x we find that 



which is the anomaly equation. 

In the above analysis we considered only the constant solution of the static 
classical equations (46) and the fluctuations around it. But eq. (46) admits also a 
soliton solution, eq.(38). A semiclassical analysis around this nontrivial configuration 
has to be done and appropriately interpreted in the fermionic picture. 



6. Discussion 

In the previous section we talked about soliton solutions of the classical equations 
of motion of the system of one-dimensional nonrelativistic fermions in the collective 
field representation in the absence of an external potential. It would be very inter- 
esting to find if soliton-like solutions persist in the presence of an external potential, 
particularly an inverted harmonic oscillator potential, which is the case in the double 
scaling limit of the D = 1 matrix model. The existence of new classical solutions of 
the equations of motion of the collective Hamiltonian describing the double scaling 
limit of the D = 1 matrix model might make clearer the connection between the field 
theory of the D — 1 matrix model and the D = 1 string theory. 
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